
ON S I M I L A R I T Y  L A W S  F O R  T H E  D E V E L O P E D  

T U R B U L E N C E  O F  D I L U T E  P O L Y M E R  S O L U T I O N S  

V. A .  G o r o d t s o v  a n d  V.  S .  B e l o k o n '  UDC 534.641:517.4 

The p e c u l i a r i t i e s  of tu rbu lence  in weak p o l y m e r  solut ions a r e  d i s c u s s e d  f rom the a spec t s  of 
s i m i l a r i t y  t heo ry  and d imens iona l  a n a l y s i s .  Only the p a p e r s  [1-67] a r e  ment ioned in which 
the flow of p o l y m e r  solut ions  in tubes was d i s cus sed ,  because  of the lack  of space .  Many of 
the quest ions  under  d i s cus s ion  were  touched upon e a r l i e r  in [26], as well as in [3, 32, 47]. 

Veloci ty Defect  Law. A flow domain ex is t s  fa r  f rom the walls  (exter ior)  in a developed turbulent  
s t r e a m ,  whose in tegra l  c h a r a c t e r i s t i c s  a r e  independent of the fluid p r o p e r t i e s  (the fluid can be cons ide red  
ideal) and the wall roughness  but a r e  de t e rmined  by the na tu ra l  length and veloci ty  scales. '~ 

These  s c a l e s  in a s teady  flow in a tube a r e  de t e rmined ,  in turn,  by the tube rad ius  r ,  the d i s tance  
to the wall  z, and the momentum flux to it u2, so that  we have for the deviation~ of i ts  mean  ve loc i ty  f rom 
the max imum value U 

U - < u (z) > = u d ,  0~), n ? t/r, 
(1) 

:~ (1) - : : ; ( 1 ) = o .  

Here  fl(~) is  the un ive r sa l  d imens ion l e s s  function ~ ~- z / r ,  l is  the se t  of lengths of "molecu la r "  inf luence.  

The r e l a t ionsh ip  (1), known as  the "veloci ty  defect  law," or  the "ex terna l  law" of turbulent  flow s i m -  
i l a r i t y ,  is  conf i rmed  well  for  both a v i scous  fluid as well as for  weak p o l y m e r  solut ions  [8, 9, 16, 18, 24, 27, 
38, 53, 57]. 

An intermediate domain (r >> z >> l) exists in developed turbulence, in which an isolated length scale 

is absent and a change in scale can result only in a parallel shift of the velocity profile. The unique con- 

tinuous distribution of this kind is the logarithmic, so that we can write 

f, 01) . . . .  A, I,~ '1 ! B, - -~ ' (~0 ,  ~1~" I/r, (2) 

w(~) = 0 for  ~ -< ~0. 

Accord ing  to m e a s u r e m e n t s  in a v iscous  fluid 7) 0 ~ 0.25, A I ~ 2.5, B 1 ~ 0.7. Fo r  weak solut ions in 
" la rge"  tubes ,  (2) a l so  holds [8, 9, 15-17, 24, 25, 31, 32, 36, 40, 41,42,  44, 51, 57-60, 67, 38]. 

The Wall  Law. The ve loc i ty  d i s t r ibu t ion  in the " in te rna l"  n e a r - w a l l  reg ion  (z << r) ,  on the other  
hand, is  independent of the ex te rna l  s c a l e s  s i m i l a r  to r but can depend on the "molecu la r "  p r o p e r t i e s  of 
the fluid and on the wall s t r u c t u r e .  

The governing p a r a m e t e r s  for  the flow nea r  a smooth wall  a r e  z, u .  and the v i scos i ty  v in a v iscous  
fluid. The i r  o ther  c h a r a c t e r i s t i c s  mus t  a l so  be taken into account in the de sc r ip t i on  of so lu t ions .  

j T h e  fluid is  cons ide red  i n c o m p r e s s i b l e  and the s y s t e m  of m e a s u r e m e n t  units is  such that  the densi ty  is  
p = l .  
SThe acce l e r a t i on ,  r a t h e r  than the abso lu te  value of the veloci ty ,  is  meaningful  in an ideal  fluid. 
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Experiments  show that many charac te r i s t i cs  of solutions a re  essential  to reduce the drag:  the con- 
centrat ion and molecular-weight  distribution of the polymer  molecules ,  the type of solvent, the branchi-  
hess and stiffness of the polymer  chains, the pH of the solution, etc. 

Let us assume that all these quantities can be taken into account by using the additional length pa ram-  
eter  l (or the t ime~ 0) and a set of dimensionless pa rame te r s  p (concentration, say) independent of the 
magnitude of the viscosi ty.  Then we obtain for the velocity profile at a smooth wall 

.~, it. ~ ? --=- f (z  ~ , 1 +, p ) ,  z" "~.( r +, 
(3) 

f ( o  . . . .  ) - - -o,  

which compares  the content of the "internal law" of s imi lar i ty  to the "wall law." Here f is the universal  
dimensionless function and the c ross  marks  the variables nondimensionalized by using$ u ,  and v. In the 
intermediate  domain, we have as before 

f(z  ~, l ~, p) :A, lnz + I.B(I ~, p), r +~; z ~ i~1, I +. (4) 

Measurements  yield B = B 0 ~. 5.5. 

Maximal Velocity. When there  is a "logari thmic layer"  (2), (4) in developed turbulence,  it follows 
f rom (1)- (4) 

U -A ,  l n r '  ; B,-: Bf f  ~, p). (5) 

Introducing the Reynolds number Re ~ = U+r + and the drag coefficient cf = 2(U+) -2, this relationship can be 
rewri t ten as 

, ' ' : Z u  l. 2/e,. - A~ In (Re" V/'~2) �9 B, B (lr --~ Re" [ ci~2. p). (6) 

If the length l .  normal ized in such a way that~  + = 1 would correspond to the beginning of the influence of 
the polymer  on the turbulence is introduced in place of l ,  then we obtain for the number R~  for which the 
drag reduction s ta r t s  

Re"cr ..... f - ( A ,  In L B, ! -B, ) ,  

for the length and t ime pa rame te r s ,  respect ively .  

L:-=/ T , (.l), 
(7) 

Approximate Descript ion of the Velocity Profi le.  If the details of distributions close to the wall a re  
neglected, then the influence of the polymer  reduces to high filling of the profile because of "slip at the 
wall." Such a single layer  descript ion has been discussed in [2, 5, 16, 30, 52]. Its accuracy  is certainly not 
high. 

It is assumed that the velocity distribution near  the wall has the same linear form for weak solutions 
as for a viscous fluid. The major i ty  of the measurements  [24, 25, 38, 41, 51, 53, 55, 56, 57, 63] favor such an 
assumption, and hence, a two- layer  descript ion (see [8, 12, 59] for example) 

[(z ~ , p , p ) = { z + '  z §  +, 
' A ,  t n z  j .', B ( l  ~, p), '_kE~'z ' I v  r +, (8 )  

A' :=  A, lnA' B(l ~, p) (9) 

is often used for the in ter ior  domain. In a viscous fluid A + = A + ~ 11.6 and the accuracy  of the descript ion 
is not sa t i s fac tory  only in the t ransi t ion zone A~/3 ~ z + ~ 3A~ (Fig. 1). Similarly in polymer  solutions 
with slight drag reduction. 

For  a large drag reduction (l'+ >> 1) the A + increases  significantly and the t ransi t ion zone in whose 
subregion 1 << z + << l + there  is no p re fe r r ed  length scale and therefore  the velocity distribution is a lmost  
logari thmic,  is expanded strongly.  The same should be expected for the dependence of B on l +. The lo- 
cation of the viscous sublayer  boundary /x I for l + >> 1 can depend on v and on p but not on l, and conversely,  
the location of the outer boundary A 2 should be independent of the viscosi ty .  

~By using u .  the quantities with dimensionali ty of the length 0u,  can be compared to quantities with the 
dimenstonali ty of the t ime 0 in a turbulent shear  s t ream,  and conversely.  
SThe value of the viscosi ty  on the wall is used. Such an approximation is sa t i s fac tory  if the change in 
viscosi ty within the viscous sublayer  and the t ransi t ion zone is small .  This is visibly so in weak solutions. 
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Fig.  1. Model r e p r e s e n t a t i o n  of the m e a n  ve loc i ty  p ro f i l e :  1) <u +> = z+; 2) 
<u + > = A t l n z  + + B 0 ;  3 ) < u + > = A l l n z  + + B  0 + A B ;  4) < u + > = A 2 1 n z  + + B 2 ;  
5) <u+>  = 11.6 I n z  + -  16.8. The  dashed  l ines  show the b e h a v i o r  of the t r u e  
p ro f i l e  n e a r  the  c h a r a c t e r i s t i c  points  A 1 and A 2. 

Fig.  2. D r a g  c u r v e s :  1, 2) f o r  so lu t ions  in tubes  with radi i  r I and r2; 3) 
l a m i n a r  flow; 4) tu rbu len t  v i scous  fluid flow. 

Using all these asymptotic dependences for /+ ~ I, we obtain the following three-layer description 
of the velocity profile at the wall (Fig. 1) 

z+ ' z + . ; Ai +, 
- / , ~ +  i . f ( z  ~, l +, p ) =  A,,p) lr,~ - B,(p), (10) 

! A,  l n z  ~ } B ( I  +, p), A; ~ . . . .  

(); -f~< 1, 
B--Bf,-~zXB .... A~(p) l n l ' ,  F ~ 1, (11) 

w h e r e  we have  by r e q u i r i n g  that  this mode l  r e d u c e  for  7 + ~ 1 to the t w o - l a y e r  mode l  fo r  a v i scous  fluid 

(8): 

A~ = Ai)-:~ 11.6; A:~ ~- ~ 11.6F, l + > 1. (12) 

The conditions for continuity of the distribution (i0) impose the constraints 

Ao = AL -I- A,v B,, = 11.6-- 2.45A~. (13) 

T h e r e f o r e ,  the  f o r m  of the ve loc i ty  p ro f i l e  fo r  a so lu t ion  in a t h r e e - l a y e r  app rox ima t ion  is d e t e r -  
mined  comple t e ly  by the  two addi t ional  p a r a m e t e r s  A3(P) and T +. 

Found e m p i r i c a l l y  in [12] was the f o r m u I a  

AB :- f 0, u. < U,c r, (14) 
[ a l~ (tt,/tt:;cr), it, ? t t , c  v 

which is obtained from (II) if the following notation is introduced 

a = 2 . 3 A  3 U,c r = v / : ~ ,  (l), (15) 

r/. = 4.6Aa, U.c r =: ]/-vb=i, (0) (16) 

for  the length and t i m e  p a r a m e t e r s ,  r e s p e c t i v e l y .  A f o r m u l a  of the type  (14) was used  for  the t ime  p a r a m -  
e t e r  in [8]. 

The  g e n e r a l  c o n s i d e r a t i o n s  do not exc lude  the  poss ib i l i t y  of s a t u r a t i o n  of the  dependence  of B on l + 
fo r  l + >> 1. Found e m p i r i c a l l y  in [61] is the  f o r m u l a  
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u2*/~Wc (17) AB=ABma x l+u2./~wc ' 

for  which the in t e rmed ia te  a sympto t i c  is the logar i thmic  dependence p resen ted  above, where  

~ 1.15ABma~, U, c r~0 .37  Vr '~c .  

The t h r e e - l a y e r  approximat ion  (10) is often used [42, 43, 46, 52], hence it  was cons idered  in [46] that 
A 2 can take on any value depending on the solution, and the coefficient A2, s i m i l a r l y  to A1, was dec la red  a 
un iversa l  constant in [42, 43] and A 2 ~ 10 was found in [42] and A 2 ~ 11.7 in [43]. 

If the absence  of inflection point'~ on the mean  veloci ty  prof i le  (10) is required,  then 

A, :(  A2 < 11.6. (18) 

Fo r  A 2 = 11.6 the t h r e e - l a y e r  descr ip t ion  (10) is analogous to the known K a r m a n  model .  A somewhat  dif-  
fe ren t  genera l iza t ion  of the K a r m a n  model  was used in [28, 60]. 

Drag  Reduction. Integrat ing the veloci ty  dis tr ibut ion with r e spec t  to the tube c r o s s - s e c t i o n  for  de-  
veloped turbulence when A 2 << r ,  we find 

1 _3 ; U+--<P>--C~B,+~A,--2 w (,O ( 1 -  n) an, a.<<r;  (19) 

h e r e  C is independent of the fluid p r o p e r t i e s  and C ~ 4.1 according to m e a s u r e m e n t s  in a viscous  fluid. 

El iminat ing U + f r o m  (5), (19) and introducing the d rag  coefficient  k = 8 u 2 / < ~ >  2 and the Reynolds 
number  Re = 2 r < u > v  -1, we obtain 

] / 8 - ~ -  A~ in (l~e]P~/32) ! 2.1 I AB, (20) 

where  ~B = 0 for  Re < R e c r i n  conformi ty  with (13) and 

AB =A~ In (t~e 1/k/32) - -  A:, In (r/l), 
(21) 

AB =-- 2A~ In (Pe 1/k/32) - -  A:~ In (r2/vO), Re > Recr 

for  the length and t ime  p a r a m e t e r s ,  r e spec t ive ly .  In both cases ,  i t  is a lso poss ib le  to wri te  (see (14)-(16)) 

AB =: ~x lg ( Re V - ~ )  - a Ig (rU.cr/V), Re >Recr .  (22) 

It is seen  f rom (20)-(22) how the d rag  depends on the tube rad ius ,  and in pa r t i cu l a r  (Fig. 2) 

~eo~ = T A~ ~. ~ -  , . , ~  1,r ~ (23) 

The identical  s t r e s s  on the wall u2, cr  co r responds  to the beginning of d rag  reduct ion in tubes of d ive r se  
d i ame te r s  for the s a m e  solution. 

Such s ingular i t ies  in the drag  reduct ion a r e  cha r ac t e r i s t i c  for  all  po lymer  solut ions.  The effect  of 
the d i ame te r  had a l ready  been noted in [1, 3, 4, 7]. The c r i t i ca l  s t r e s s  of the beginning of the effect had 
been detected [8, 10, 12, 13, 14]. The t w o - p a r a m e t e r  dependence of the effect  on ot and U . c r  is ver i f ied  well.  

Formula  (9) can be given the fo rm 

u~ < ,75 = 1 I c I/UE. 

The deductions about the change in U / < u >  f rom exper imenta l  invest igat ions [31-33, 37, 62] a r e  con t rad ic -  
to ry .  

A deviation f r o m  dependences of the type (20)-(22) occurs  pr inc ipa l ly  at high Reynolds numbers .  It 
has been es tabl i shed that  in the ma jo r i ty  of cases  this is r e la ted  to the degradat ion of solutions of m a c r o -  
molecu la r  subs tances  in a turbulent  s t r e a m .  This  is beyond the scope  of the analys is  p resen ted  above.  

~In the p r e s e n c e  of inflection points on the mean  veloci ty prof i le ,  the question of the s tabi l i ty  of such a 
flow a r i s e s .  
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Fig. 3. Drag  cu rves .  1) k = 64/Re;  2) 4 8 / h  = 2.51n(RevrX/32) + 2.1; 3) l imi t  
a sympto te ;  4 ) f r o m  (27); 5 ) f r o m  (26); 6) 8(~/h =A21n(Re4"X/32 ) + 2 . 1 , A 3 1 n  
( r / l ) ;  7) ~-ff]/X = (A t + 2 A 3 ) l n ( R e , ~ )  + 2 .1- -  2A31n (r/4~u-~). The domain for  
" sma l l "  tubes is c ro s s -ha t ched .  

Fig. 4. Dependence of the min imum d i a m e t e r  2rM on <u > for  1) v iscous  solvent;  
2) solution flowing without d rag  reduction;  3, 4) solution whose drag_reduction is 
c h a r a c t e r i z e d  by the p a r a m e t e r  0 or  l ,  r e spec t ive ly ;  5) 2r M = 17.60<u>. 

Minimum D i a m e t e r .  Up to now we have spoken about developed turbulence,  i . e . ,  flows in tubes of 
such l a rge  d i a m e t e r s  and for  such high Reynolds numbers  that the externa l  sub layer  of the turbulent  core  
and the nea r -wa l l  zone do not over lap  

rlor >> A2 

and a logar i thmic  zone with a d is t r ibut ion of the type (2), (4) exis ts .  

It is not taken into account in the t h r e e - l a y e r  descr ip t ion  (10) that a smooth change in the t rue  ve lo-  
city p rof i le  occurs  nea r  z + = A + for  two- th ree  A~~ Taking this into account,  le t  us se l ec t  2.5A 2 for  the 
boundary of the t rans i t ion  zone and then by using (12) we obtain the following es t ima te  for  the min imum 
d i a m e t e r  for  which speaking about the usual  logar i thmic  zone st i l l  has  sense :  

2 r ~  { 250, -/§ ~ 1, (24) 
250l :~, 7 -+ >. 1, 

which can be  r ewr i t t en  for  the Reynolds number  

/ 3"5" 103' U <  l, 

Re~, ~-~ [ ( 3.5'I0:~ !-250A.,_lnl~)U, U~ ~- 1. (25) 

Hence,  it is seen  that in a v iscous  fluid, as well as for  a flow without d rag  reduct ion (Re < Recr ) ,  
this e s t ima te  ag rees  with the upper  value of the Reynolds number  for  the t rans i t ion  f rom the l amina r  to 
the turbulent  flow modes .  

On the (k, Re) plane the curve  

1..'~8/----/~:,, = A~. (p) In (Re, t lf~,~J32) -;- 2.1 - -  4.8A 3 (p) (26) 

s e p a r a t e s  the domain  of " sma l l "  tubes (hatched in Fig. 3) f rom the domain of " la rge"  tubes for  a given 
p o l y m e r  solution.  If (18) is taken, then the s t eepes t  curve  of this kind will be 

l f S - ~ =  I1.6 ha (Re V ' ~ )  - -  42 (27) 

(the dash-dot  curve  in Fig. 3). 

Formula  (25) shows that the "min imum d iame te r "  in a viscous  fluid and in solutions with Re < R e e f  
d imin ishes  as  the veloci ty  i n c r e a s e s  

2r~ ~ 3500v/(u)  . (28) 

If the length l is r e spons ib le  for  the d rag  reduct ion,  then it follows f rom (24) 

2r~ ~ 2501- = 250v/u,c r. (29) 

If  the t i m e  p a r a m e t e r  plays  the pr inc ipa l  pa r t ,  then 

2r~r ~ 2500"u, = 250vu,/u~,cr. u,~ U,c r (30) 
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o r  e x p r e s s i n g  u .  in  t e r m s  of t he  m e a n  v e l o c i t y  

2r~, ~ 250x I-v:~, x (14.2 + 2A. lnx) = <u ) I / ~ v .  (31) 

A l l  t h r e e  d e p e n d e n c e s  of  2 r M  on < u >  a r e  shown in F i g .  4.  

A s  i s  s e e n  f r o m  (30), (31), a " l a r g e "  tube  b e c o m e s  " s m a l l "  a s  the  v e l o c i t y  c h a n g e s .  
F ig .  3. T h e  d r a g  c u r v e  when the  t i m e  i s  t he  m a i n  p a r a m e t e r  ( see  (20), {21)) h a s  a s l o p e  (A 1 + 2A 3) 
g r e a t e r  t han  the  s l o p e  (A l + A 3) d e l i m i t i n g  the  c u r v e  (26), and h e n c e  i n t e r s e c t s  i t .  

The  m i n i m u m  d i a m e t e r  concep t  was  f i r s t  d i s c u s s e d  in [26], and then  in [39, 45].  T h e  f o r m u l a  

2r;, l- ~.. 60.6AB (32) 

was  found e m p i r i c a l l y  in  [45]. A r a t h e r  d i f f e r e n t  d e p e n d e n c e  
+ �9 2r, ~ 250 exp (AB/A~) (33) 

fo l lows  f r o m  (11), (24). 

Sma l l  D i a m e t e r  T u b e s .  Al though  the  m o l e c u l a r  p r o p e r t i e s  of  the  s o l u t i o n  in t ubes  with r a d i i  r l e s s  
than  r M a r e  e s s e n t i a l  for  a l l  s t r e a m  d o m a i n s ,  n e v e r t h e l e s s ,  the  i n f l uence  of  v i s c o s i t y  for  r >> A 1 wi l l  be  
bounded  by the  th in  n e a r - w a l l  d o m a i n  as  b e f o r e .  The  d r a g  r e d u c t i o n  i s  h e n c e  l a r g e  (l + >> 1) and j u s t  a s  
has  been  done  fo r  " l a r g e "  t u b e s ,  the  fo l lowing a s y m p t o t i c  f o r m u l a s  can  be  w r i t t e n  

m v -  < i t+}  = q)l (1l, l/r, p), l ~, z ~  1, 

<u -~ '2 =q)( z~, P), z~ ~ . r ' ,  I +, 
(34) 

% = - -  A 2 (p) lrl~l -~-~ (l/r, p), 1 ~. W "~ ~..( l +, r ~, 

r . . . .  A2(p) lnz + -i- B2(p), 1 <( z~ << l +, F .  

H e n c e ,  i t  i s  s e e n  in  p a r t i c u l a r  t ha t  fo r  a l a r g e  d r a g  r e d u c t i o n  in  s m a l l  t ubes  the  l o g a r i t h m i c  d i s t r i b u t i o n  
with coe f f i c i en t  A 1 i s  d i s p l a c e d  by  a l o g a r i t h m i c  d i s t r i b u t i o n  with c o e f f i c i e n t  A2(p). 

F u r t h e r m o r e ,  fo r  A l << r we have  the  r e l a t i o n s h i p s  

U ~ ,:= A., (p) hlr  ~ -.[ B. a (p) ~- ~ (l/r, p), 

U + -  < u +> ~.C(l /r ,  p), 

Thi s  i s  s e e n  in 

which  can  be  r e w r i t t e n  as  a d r a g  l aw 

I 8 - S :  A~ (p) h, (Re V ~ 2 ) ,  B~ (l/r, p), (35) 

in  which an  unknown funct ion of t he  tube  r a d i u s  e n t e r e d .  

An  a t t e m p t  was  m a d e  in  [45] a t  an e x p e r i m e n t a l  d e t e r m i n a t i o n  of  a s m a l l  tube  d r a g  law.  H o w e v e r  
the  s p r e a d  of t he  da t a  a r o u n d  the  c u r v e  p r o p o s e d  t h e r e  was  s u f f i c i e n t l y  g r e a t .  

L i m i t  A s y m p t o t e .  If the  c o n s t r a i n t  (18) fo r  one of  t he  c o e f f i c i e n t s  in (35) i s  s u p p l e m e n t e d  by  a con-  
T 

s t r a i n t  fo r  B 2, t hen  we ob ta in  the  equa t ion  of s o m e  l i m i t  c u r v e  e n c l o s i n g  the  d r a g  c u r v e s  for  s o l u t i o n s  
f r o m  be low.  We ob t a in  such  a c o n s t r a i n t  by  a s s u m i n g  a l o w e r  c r i t i c a l  t r a n s i t i o n  po in t  to t u r b u l e n c e  in  
a s o l u t i o n  e x a c t l y  a s  in  a v i s c o u s  f lu id .  Then  the  equa t ion  of the  l i m i t  c u r v e  p a s s i n g  t h rough  i t  wi l l  be  

] /&~  ~ l 1.6 In (Re j 2~/32j - -  32. (36) 

Such an equa t ion  fo r  the  l i m i t  a s y m p t o t e  of the  d r a g  r e d u c t i o n  was  p r o p o s e d  in  [16, 21 ,42 ,  43, 54]. P o w e r -  
law a p p r o x i m a t i o n s  of the  l i m i t  a s y m p t o t e  w e r e  d i s c u s s e d  in [11, 16, 19, 20-22] .  

A d i s t i n c t i v e  s i n g u l a r i t y  of s m a l l  t ubes  i s  t h e  fac t  t ha t  d r a g  r e d u c t i o n  can  a l r e a d y  o c c u r  t h e r e i n  in 
the  t r a n s i t i o n  r e g i o n  f o r  Re  ~ 2.3 - 103-3.5 - 103. T h e  u p p e r  c r i t i c a l  R e y n o l d s  n u m b e r  of t h e  t r a n s i t i o n  to  
t u r b u l e n c e  can  h e n c e  b e  a b s e n t  fo r  a so lu t ion .  The  q u e s t i o n  of the  l o w e r  c r i t i c a l  n u m b e r  i s  not  even  s i m -  
p l e .  T h e  l ag  of the  t r a n s i t i o n  in  s o l u t i o n s  is  m e n t i o n e d  in [21, 23, 29, 48].  T h e  l o w e r  c r i t i c a l  R e y n o l d s  
n u m b e r  does  not  v a r y  a c c o r d i n g  to  [14, 16]. H o w e v e r ,  s i g n i f i c a n t  p e r t u r b a t i o n  l eve l  in  the  f low of s o l u t i o n s  
has  a l r e a d y  been  no ted  at  Re  ~ 103 in m a n y  p a p e r s  [6, 33 ,42 ,  49, 65, 66]. 

N ' O T A  T I  O N  

< u > i s  the  m e a n  flow v e l o c i t y ;  
< u >  is  the  f lu id  d i s c h a r g e  th rough  a tube  s e c t i o n ;  
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U 
U* 

U + ---- U/U. 

r 

z 

~7 =- z / r ,  z + = z u , / v  

8 
! 

i ,~ 
An, Bn 
AB = B - - B  0 
A1 
A 2 
Re 
k 

U*cr 
2r M 

P 

is the m a x i m u m  veloci ty;  
is the dynamic  velocity;  
is the d imens ion less  velocity;  
is the tube radius ;  
is the d is tance  f r o m  its wall; 
a r e  the d imens ion less  d i s tances ;  
is the v i scos i ty  coefficient;  
is the c h a r a c t e r i s t i c  t ime  p a r a m e t e r  of a fluid; 
is the c h a r a c t e r i s t i c  length p a r a m e t e r ;  
a r e  the r e n u m b e r e d  length and t ime;  
a r e  the coeff icients  of the d is t r ibut ions  for  the velocity;  
ts the non-Newtonian i nc remen t  of B; 
~s the 
~s the 
is the 
~s the 
~s the 
is the 
is the 

v iscous  sub layer  th ickness ;  
t rans i t ion  zone th ickness ,  
Reynolds number ;  
d rag  coefficient;  
c r i t i ca l  value of the dynamic velocity;  
min imum d iamete r ;  
se t  of d imens ion less  c h a r a c t e r i s t i c s  of the solution. 
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